Abstract: Generation of high-repetition-rate, femtosecond, soliton pulse trains through dual-wavelength pumping of a dispersion-decreasing fiber is studied numerically. The achievable shortest pulse width is found to be limited by third-order dispersion that has a significant effect on the pulse-compression dynamics. The output wavelength is red shifted because of intrapulse Raman scattering and depends heavily on third-order dispersion, whose positive values lead to the most red shifted solitons (> 25% of the input pump center wavelength). The proposed scheme allows the generation of ultrashort pulse trains at tunable high repetition rates with a wide range of output wavelengths and pulse durations through dispersion engineering. The resulting frequency combs extend over a wide bandwidth with a tunable spacing between the comb lines.
Introduction
Soliton compression in active fibers [1, 2] and dispersion-decreasing fibers (DDFs) [3] [4] [5] [6] [7] [8] is a wellunderstood effect [9, 10] . It is known that the characteristics of compressed solitons can be controlled by tailoring fiber dispersion. In the extreme, this process can lead to the generation of intense solitons with durations of only a few optical cycles [11] . Moreover, due to the tendency of pulses of suitable peak powers to re-adjust inside the fiber to form solitons, soliton compression does not necessarily have to be seeded by solitonic pulses. Indeed, pulses of Gaussian or other shapes can be used as input to the DDF. When the input is in the form of a continuous wave (CW) or a long pulse, modulation instability (MI) can lead to the spontaneous generation of fundamental solitons that can then be compressed.
An effective way to enhance soliton formation from a CW input is to seed the MI process through amplitude modulation [12] . Induced MI in a fiber with constant (anomalous) dispersion leads to compression of low-amplitude temporal modulations, eventually resulting in a train of solitons. The formation of solitons, as well as their further compression, manifests as spectral broadening in the frequency domain that is useful for supercontinuum generation [13] [14] [15] . However, pulse compression is not the only spectral broadening mechanism in the dual-or multi-pumping case [16] . Amplitude modulation can lead to significantly broader spectra in the normal dispersion regime as well due to enhanced self-phase modulation and optical wavebreaking [17] [18] [19] , and temporal reflections of dispersive waves off nonlinear waves can extend the spectrum to the blue side [20] [21] [22] . Modulation can be done either through direct amplitude-modulation of a single CW laser [8] or through dual-wavelength pumping using two CW lasers [23] [24] [25] [26] .
The frequency of direct amplitude modulation is limited by electronics since amplitude modulators cannot operate effectively beyond 40 GHz. Dual-wavelength pumping suffers from no such constraints and is only limited by the availability of CW lasers of suitable wavelengths. Moreover, modulation depths depend only on the relative powers of the two pumps. Therefore, ultrahigh repetition rate (800 GHz in this study) pulse trains can be generated through dual-pumping of an optical fiber. Such pulse trains have a variety of applications ranging from controlling the motion of molecules [27] to generating plasma waves [28] and terahertz radiation [29] . The objective of this paper is two-fold. First, we show that the lower limit for pulse duration in dualpump soliton train generation is determined by higherorder dispersion; in the absence of third-order dispersion (TOD) the pulses could be compressed down to a few cycles in duration in a suitable DDF. Second, we show that the sign and magnitude of the TOD plays a crucial role in determining the wavelength of the generated train of solitons and that the output pulses can be red shifted by more than 25% from the initial pump center wavelength. Sub-100 fs soliton trains can thus be generated at a wide range of wavelengths by properly engineering the dispersion profile of the fiber. Our findings should help in designing fiber-based, high-repetitionrate, femtosecond-pulse sources and wide-band, optical frequency combs with a tunable spacing between its comb lines.
Pulse Propagation Model
To simulate propagation of electromagnetic waves in optical fibers we use the generalized nonlinear Schrödinger equation (GNLSE) [13, 30] . In a reference frame moving at the envelope group velocity, the equation for the electric-field envelope A(z,t) can be written as
where T is the retarded time given by T = t − z/v g and v g is the group velocity at the input central wavelength. The left side of Eq. (1) includes linear effects with α corresponding to losses and the β 's being the different-order dispersion coefficients of the fiber at the central input frequency. The right side models the nonlinearities through the response function R(T ) that includes the Kerr contribution that is assumed instantaneous [13] and the delayed Raman contribution that is modeled through the experimental Raman-gain profile of silica fibers [31] . Note that, contrary to a common misconception, the GNLSE for fibers does not assume a slowly-varying envelope for the electric field in the time domain and is in fact valid down to the few-and even single-cycle regime, as long as the wavelengths in question are far from material resonances so that the slowlyevolving-wave approximation |∂ z E| β 0 |E| is satisfied, as shown by Brabec and Krausz [32] . The validity of the model down to the few-cycle regime requires the inclusion of the shock term characterized by the time scale τ shock [30] . We solve Eq. (1) numerically with an input corresponding to launching two CW pumps simultaneously with a frequency difference ∆ω 0 :
where ω 0 is the central frequency and P 1 and P 2 are the input powers of the two pumps. In our simulations, the group-velocity dispersion (GVD) parameter β 2 increases linearly from its initial negative (anomalous) value of −10 ps 2 /km over the entire fiber length that varies in the range 100 -200 m. The final values of β 2 range from −10 to +10 ps 2 /km, the former corresponding to a constant-dispersion fiber. The TOD parameter β 3 is kept constant for each fiber with values ranging from −0.1 to 0.1 ps 2 /km. It should be noted that usually DDFs are manufactured by tapering the fibers, in which case the taper can induce significant losses and thus impose limitations on pulse compression [7] . However, dispersion can also be modified through doping, allowing for the losses to be curbed. The nonlinear parameter in our simulations is γ = 0.0916 1/(Wm), and the pump powers are taken to be equal with P 1 = P 2 = 1 W. The center frequency ω 0 corresponds to a wavelength of 1060 nm. The shock time τ shock is taken to be 1/ω 0 . Throughout this paper the frequency separation is ∆ω/(2π) = 800 GHz (3 nm) but we have also verified that frequency separations of 600 GHz and 1000 GHz yielded qualitatively similar results.
Theoretical Limits on Pulse Width
Fundamental solitons are solutions of the GNLSE in the absence of third-and higher-order dispersion, optical shock effects, and delayed nonlinearities. When these effects are present, they manifest as perturbations to an ideal soliton. Third-order dispersion (TOD) governed by β 3 introduces spectral and temporal asymmetry and forces the soliton to shed radiation in the form of a dispersive wave. Shock effects produce self-steepening, again making the soliton asymmetric. Delayed nonlinearities lead to the well-known phenomenon of soliton self-frequency shift (SSFS) through intrapulse Raman scattering, causing the soliton to red shift in the spectral domain. Nevertheless, the robust solitonic nature of the pulse remains. Solitons are robust to the extent that any pulse of suitable shape and energy in the anomalous dispersion regime of a nonlinear fiber will reshape itself to become one [13] . In the context of a beating dual-pump signal the sinusoidal oscillations at the beat frequency become compressed and evolve to form solitons if their duration and energy roughly matches those of a fundamental soliton. If the fiber is long enough, the beating intensity pattern eventually evolves to become a train of equidistant solitons. By changing the dispersion along the length of a DDF, the solitons can be compressed further in the temporal domain [3] . The dispersion parameters β n in Eq. (1) can be easily tailored through proper design of the refractive index profile, which in the case of photonic crystal fibers means appropriately choosing the size and spacing of the air holes surrounding the core. The only limitations regarding the structure of silica-based photonic crystal fibers are associated with manufacturing precision. In general, different photonic crystal fiber structures would also lead to different nonlinear coefficients for the fibers. However, since it is the relative strength of dispersion and nonlinearity that determines the propagation of light, we assume here that the nonlinear parameter is constant while β 2 changes linearly along the fiber. We also note that ultra-flat highly anomalous dispersion profiles can be achieved over a wide wavelength range with novel designs [33] . The TOD and other higherorder dispersion terms play a relatively minor role for such fibers.
To understand the dynamics of a dual-wavelength signal inside a DDF, we first neglect the TOD and other higher-order dispersion terms so that the effects of a longitudinally varying β 2 can be identified clearly. Figure 1 shows the evolution of a dual-pump signal when β 2 increases linearly from −10 to 0 ps 2 /km over 100 m. The power of both pumps is 1 W. The two traces on top show changes in the pulse width and peak powers over the 100 m length of the fiber. The initial sinusoidal pattern gradually reshapes into a train of solitons whose width decreases and peak power increases continuously until the numerical model itself breaks down. The spectrum of the resulting pulse train is in the form of a frequency comb whose bandwidth is inversely related to the width of solitons and exceeds 100 THz.
The compression dynamics in Figure 1 have interesting features. The initial sinusoidal pattern with a period of 1.25 ps evolves into a pulse train within the first 10 m such that individual pulses are about 200 fs wide (full width at half maximum or FWHM). These soliton-like pulses then broaden with further propagation before being compressed a second time. This process repeats a few times but the pulse duration keeps a downward trend while exhibiting transient oscillations. The evolution of the solitons is affected by two mechanisms. First, varying fiber dispersion forces them to compress. Second, at the same time, their speed is reduced as their spectrum red shifts because of SSFS (leading to bending of the trajectories in Figure 1 ). The individual solitons grow in intensity because of the increasing β 2 , but also be- Fig. 1 . The temporal (middle) and spectral (bottom) evolution of a dual-pump signal over 100 meters of a DDF with β 2 increasing from −10 ps 2 /km to 0 ps 2 /km. The gray intensity scales are logarithmic. The top two traces show the duration (thick blue) and peak power (thin red) of the forming pulses as a function of distance. The vertical black dashed lines indicate the distance at which the soliton width has been reduced to three optical cycles.
cause they feed off the darker regions (energy in the lowintensity parts) when they shift in time and overlap temporally with them. This mode of energy transfer to the solitons is evident in Fig. 1 , where the regions between the neighboring solitons become darker as the solitons slow down and pass through these regions. This energy transfer perturbs the solitons, causing their widths and peak powers to oscillate around their respective trends (decreasing duration, increasing peak power).
The GNLSE model given in Eq. (1) accurately describes pulse propagation down to the single-cycle regime [30, 32] , and in this study the three-cycle point is used as the cutoff for the validity of the GNLSE model. The distance at which the solitons in Fig. 1 have compressed to three optical cycles in duration (about 10 fs) is approximately 98 meters, and this has been indicated by the vertical dashed lines in Fig. 1 . The important take-away from Fig. 1 is that the initial beating intensity pattern with a period of 1.25 ps (corresponding to 800 GHz) could ideally be reshaped into a train of solitons that are only three optical cycles long. The input FWHM of the cosine-shaped pulses is 625 fs, implying that the compression factor is larger than 50.
The simulation shown in Fig. 1 includes all the relevant effects that would be present in reality, with the exception of higher-order dispersion and losses. The fiber was assumed to be lossless and to have perfectly flat dispersion (constant β 2 ) over all wavelengths at any given point of the fiber. Therefore, Fig. 1 represents the best case scenario in terms of how short the solitons can become: Under ideal conditions pulse durations of three optical cycles or less could be achieved. Several different effects might prevent such drastic compression in practice, but the extent of compression is not limited by GVD, intrapulse Raman scattering, or optical shock effects. Losses would cause the peak power P 0 of the forming solitons to be smaller, which in turn would lead to larger soliton durations T 0 such that the soliton condition of γP 0 T 2 0 /β 2 (z) = 1 continues to be satisfied. However, at the end of the fiber β 2 = 0, and the soliton condition can only be satisfied for infinitely narrow solitons no matter what the peak power might be. Compensation for losses through decreasing dispersion (increasing β 2 ) to keep the soliton duration unchanged upon propagation in lossy fibers has been demonstrated in the past [34] . Decreasing dispersion even faster than in Fig. 1 would be required to compensate for any possible fiber losses. However, TOD could be expected to change the compression dynamics more drastically than losses because it affects solitons in at least three different ways: It leads to dispersive-wave emission, it asymmetrically distorts the shape of a soliton, and it makes β 2 frequency-dependent.
Effects of Third Order Dispersion
The first thing to note is that the sign of TOD plays an important role in the evolution of a short solitons undergoing intrapulse Raman scattering. The SSFS causes the soliton spectrum to red shift, and it is the sign of β 3 that then determines whether the soliton will experience a larger or smaller β 2 as a consequence. Since soliton compression is based on increasing β 2 from an initially negative value through dispersion engineering, any TOD-induced change to β 2 will affect the compression of solitons. The presence of TOD also introduces a spectral region or normal dispersion in which solitons cannot exist but also guarantees the existence of a spectral region of anomalous dispersion even when β 2 > 0 at the pump frequency. The signs of β 2 and β 3 determine whether the normal dispersion regime is on the red or the blue side of the soliton. The frequency at which GVP changes sign is given by ω ZDW = ω 0 − β 2 /β 3 where β 2 and β 3 are evaluated at the central frequency ω 0 . The wavelength corresponding to ω ZDW is the zerodispersion wavelength (ZDW). When β 2 is a linear function of distance z we have
where L is the length of the fiber and β in 2 and β out 2 are the output values of β 2 at ω 0 . Consequently the ZDW becomes a function of z through
To illustrate the effects of TOD in a DDF, Fig. 2 shows the evolution in a fiber where β 2 changes from −10 ps 2 /km to 5 ps 2 /km over 150 meters and where β 3 = −0.03 ps 3 /km. Note that the rate of change of β 2 with z is the same as for the fiber in Fig. 1 and the ZWD coincides with the pump center wavelength at exactly 100 meters just like in Fig. 1 .
The evolution of the dual-pump shown in Fig. 2 differs from that of Fig. 1 . The most noticeable difference between the two cases is that the pulses do not become infinitely narrow when β 3 = 0 and the minimum pulse duration in Fig. 2 is approximately 180 fs. The formation of few-cycle pulses would require a very broad pulse spectrum and since the pulses are solitons this spectrum would have to lie in the anomalous dispersion regime. When β 3 = 0 and the ZDW approaches the soliton spectrum, the tail of the pulse spectrum will eventually end up in the normal dispersion regime thus limiting the spectral extent and consequently the pulse duration of the solitons. The first effects can be observed after 80 m of propagation when the ZDW starts to touch the tail of the soliton spectrum and power is transferred from the solitons to a dispersive wave on the red side of the ZDW. The moving ZDW gradually puts more and more energy to the normal dispersion regime and the soliton peak powers start to decrease. The ZDW crosses the center of the soliton spectrum around 110 m and after this the solitons cease to exist and disperse into a chaotic-looking yet nearly-periodic pattern of interfering waves in the normal dispersion regime. After this point it is no longer meaningful to talk about soliton peak powers or durations or consider the intensity profile a train of pulses.
In the example shown in Fig. 2 the frequency slope of β 2 was negative (β 3 < 0) and hence the normal disper- Fig. 2 . The evolution of a 800 GHz dual-pump signal in a fiber in which β 2 grows from −10 ps 2 /km to 5 ps 2 /km along its 150 m length. Third-order dispersion is β 3 = −0.03 ps 2 /km. sion regime was on the red side of the pump. Solitons have a tendency to try to stay away from the ZDW and remain in the anomalous regime, which can be seen in the spectrum of Fig. 2 where the spectral trajectory of the soliton bends slightly downwards between 90 m and 110 m and the solitons blue shift. The blue shift is always accompanied by significant transfer of energy to the red side of the ZDW to conserve total energy. Normally solitons, especially short ones, have a tendency to red shift upon propagation because of intrapulse Raman scattering. This raises the question whether having the ZDW approach the soliton spectrum from the blue side instead would help the solitons remain in the anomalous regime for longer distances. Figure 3 shows the evolution of a 800 GHz dual-pump in a fiber with β 3 = 0.03 ps 3 /km. Other than the fiber length and the TOD, the fiber is similar to the ones in Figs. 1 and 2 and again the ZDW is at the pump center at 100 m. Note that the temporal trace in Fig. 3 is now in the reference frame of the solitons instead of moving at the group velocity at the pump frequency.
The evolution of the soliton power and duration is Fig. 3 . The evolution of a 800 GHz dual-pump signal in a fiber in which β 2 grows from −10 ps 2 /km to 10 ps 2 /km along its 200 m length. Third-order dispersion is β 3 = 0.03 ps 3 /km. Unlike in Figs. 1 and 2 , the temporal frame of reference is now with respect to the solitons, as their trajectories would look heavily curved in the pump frame of reference. similar to that of Fig. 2 but the solitons last longer and the spectral evolution looks very different. The ZDW is now on the blue side of the solitons and the ZDW approaching the soliton spectrum greatly enhances the natural SSFS pushing the soliton spectrum all the way to 1.25 µm from the initial 1.06 µm. Still, the moving ZDW eventually overtakes the soliton spectrum and in the end the pulses end up in the normal dispersion regime and disperse. The minimum soliton duration is 125 fs around 185 m.
To understand quantitatively the impact of β 3 , we carried out a large number of numerical simulations for different DDF designs. If the solitons forming from the beating input signal are able to keep up with the gradually changing GVD parameter β 2 , then larger final values of β 2 leads to shorter solitons. The general trend in Fig. 4 is that increasing the final value of β 2 makes the output pulses shorter, which means that solitons are mostly able to keep up with the longitudinally changing GVD, even when GVD becomes normal near the fiber end. This is also corroborated by Figs. 1 where pulse duration has a downward linear trend approaching zero with decaying transient oscillations. The transient oscillations die out by the end of a 200-meter-long fiber when the final value of β 2 is larger than −5 ps 2 /km, as seen in Fig. 4 . The temporal compression continues even after the oscillations disappear.
The effects of TOD are clearly visible in Fig. 4 . Larger values of |β 3 | hinder pulse compression, whereas smaller values lead to shorter pulses at shorter distances. The explanation for this lies in how β 3 effects the β 2 that the soliton experiences and in the Raman effect that causes the soliton spectrum to red shift through SSFS with propagation. The TOD parameter is given by β 3 = dβ 2 (ω)/dω evaluated at the central frequency ω 0 . Negative values of β 3 thus mean that β 2 decreases with optical frequency and hence increases with wavelength. SSFS then causes the solitons to experience larger GVD compared to the initial pump center frequency. Nega- tive values of β 3 together with SSFS imply that β 2 at the solitons' central frequency increases even faster than β 2 at the pump center frequency, thus causing the solitons to compress rapidly. The opposite occurs for positive values of β 3 . As seen in Fig. 1 , solitons could be compressed down the three optical cycles in the absence of TOD, but in practice pulse compression is limited by it. We note that fibers with β 3 = 0 can also be manufactured (so-called dispersion-flattened fibers); pulse compression would be limited by fourth-order dispersion. There is no way to make the group-velocity dispersion completely flat across the whole soliton spectrum and pulse compression will always be limited by higher-order dispersion. It is evident from Fig. 4 that soliton trains with pulse widths < 100 fs can be achieved with many different parameter combinations. Even a 100-meter fiber can be long enough to produce such an ultrashort pulse train if β 2 of the DDF increases rapidly enough with distance [see Fig. 4(b) ]. Both negative and positive values of β 3 work, and two different sets of fiber parameters can lead to very similar-looking pulse trains. Figure 5 shows portions of two pulse trains generated using two different fibers with the same input. Both fibers have the same GVD at the input end but their lengths and final values of β 2 are different. Their TOD parameters are equal in magnitude but opposite in sign. The solitons generated in each fiber are nearly identical: their energies and pulse durations are within 2% of one another. The only notable difference is that the pulses in the fiber with β 3 > 0 (Fiber A) exhibit a small bump near the trailing end. The differences between the pulse trains are subtle in the time domain but become quite evident in the spectral domain to which we turn in the next section.
Output Frequency Comb and its Central Wavelength
The output spectrum of any periodic ultrashort pulse train generated through dual-pumping is in the form of a frequency comb whose comb lines are separated by the initial spacing between the frequencies of the two input pumps. Figure 6 shows the spectra corresponding to the two identical-looking pulse trains shown in Fig.  5 . The spectra resemble mirror images of one another because of the opposite signs of the TOD parameter β 3 . The soliton part of the spectrum (dominant peak) of fiber A is centered at 1086.1 nm, while that of fiber B is at 1067.5 nm, a difference of 18.6 nm (4.81 THz). As a reminder, the input center wavelength of the two pumps is at 1060 nm. The central frequency at each point in the fiber is determined by several processes. The first one is SSFS which causes the solitons to red shift. The second one is the tendency of solitons to stay away from the ZDW in the spectral domain [35] , and a moving ZDW can manifest as an effective push for the soliton spectrum. Depending on whether this push comes from the red side or the blue side, it can respectively hinder or enhance the red shift (See Figs. 2 and 3, respectively) . For β 3 > 0 we have ω ZDW > ω 0 , and ω ZDW approaches ω 0 from the blue side, enhancing the red shift and pushing the solitons further into the red. When β 3 > 0, ω ZDW approaches ω 0 from the red side and SSFS is thus hindered. This is the reson the spectrum out of fiber A in Fig. 6 is more red shifted than that of fiber B.
If β out 2 > 0, ω ZDW always surpasses ω 0 no matter how fast or slow its rate of change. The rate of change is proportional to 1/β 3 as seen in Eq. (4), which means that when β 3 is close to zero, ω ZDW changes rapidly with distance z. Based on this argument, it seems likely that solitons could be pushed towards even longer wavelengths by making β 3 smaller while keeping it positive. Figure 7 shows the central wavelength of the pulse trains generated through dual-pumping at distances of 80 m, 120 m, 160 m, and 200 m under conditions identical to those of Fig. 4 . The initially forming solitons are wide at first and, as a result, red shifts of < 5 nm occur up to a distance of 50 m. Much larger shifts occur at distances beyond 100 m, especially for large values of β out 2 for which adiabatic soliton compression kicks in and makes the solitons shorter thus enhancing their SSFS. The largest red shifts occur in the regime where β out 2 > 0 and β 3 is small but positive. The soliton central frequency can be red shifted by more than 25% to 1.35 nm before ω ZDW moves beyond the soliton central frequency and disperses the solitons. 
Conclusions
It was numerically demonstrated that the technique of dual-wavelength pumping can be used to generate soliton pulse trains at ultrahigh-repetition rates (up to 1 THz or more) and that the solitons could be compressed temporally inside a dispersion-decreasing fiber down to the few-cycle regime (pulse widths as short as 10 fs at wavelengths near 1 µm). The repetition rate used in this study was 800 GHz, but since it is set by the frequency separation of two CW pumps, it can be tuned over a wide range by choosing the input pump wavelengths suitably. It was further pointed out that the soliton compression is limited by higher-order dispersion with small values of the GVD slope β 3 = dβ 2 /dω leading to shortest pulses. It was also shown that third-order dispersion is crucial in determining the output wavelength of the pulses. We found that small positive values of the GVD slope lead to the largest red shifts and the longest output wavelengths. Sub-100 fs solitonic pulses with a wavelength anywhere between 1060 nm and 1350 nm could be achieved in our numerical simulations, making dual-wavelength pumped optical fibers a versatile platform for generating femtosecond pulses at highrepetition rates that have a variety of applications ranging from biomedical imaging to the manipulation of motion of individual molecules.
The spectral features of the generated pulse trains are also remarkable. Our results clearly show that the dual-pumping scheme is capable of generating frequency combs that extend over 50 THz and whose center frequency is tunable over 60 THz in the vicinity of 1150 nm. Moreover, the comb spacing in itself can be tuned over a wide range (∼0.1 to ∼1 THz) by choosing the pump wavelengths suitably. As a final remark, the same technique should work for generating optical frequency combs from the visible to mid-infrared region using different fiber designs and materials.
